ON THE HARMONIC SUMMABILITY
OF LAGUERRE SERIES

BY
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ABSTRACT

In the present paper we discuss the harmonic summability of Laguerre series
associated with a Lebesgue-measurable function at the frontier point x = 0.

1. Let f(x) be a Lebesgue-measurable function such that the integral
o0
f e xF(x) [P(x)dx, o> —1
0

exists, where I{”(x) denotes the nth Laguerre polynomial of order .
The Laguerre series corresponding to this function f(x) is

(L1 f&) ~ Za,LP(x),
n=0
in which
-1 po
(12) o= |TerDa] [ oy,
0]
and
(1.3) A, = (" + “) ~ 1"
n
A sequence {S,} is said to be summable by harmonic means, if
. -1« S
lim (logn)™! ¥ ==k
n—»eo( gn) k=0 k+1

exists.

2. The object of this paper is to investigate the harmonic summability of
Laguerre series (for certain values of a) at the frontier point x = 0.

We write

() = {T @+ D} e[ f(y) ~ A"
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We establish the following theorem:

THEOREM. For —% 2 o 2 — 3,the series (1.1) is summable by harmonic

means at the point x = 0 to the sum A, provided,

Q.1D (1) Ej;l(,b(y)ldy =o(I"*Y, ast-0.
@2) [[ermymm=s gy = oy

and

2.3) f 1271 g(3) | dy = o(1).

3. We require the following lemmas in the proof of our theorem:

LemMa 1. [1, p. 175]. Let o be arbitrary and real, ¢ and o fixed positive
constants, n — oo, then

x—a/2—1/40(na/2—1/4)’ é x é ;

¢
n
o(n%), 0L x g ¢fn.

3.0 [9(x) = [

Lemma 2. [1, p. 238]. If « be real and arbitrary, ® >0, 0 <n <4, then
for n— oo, we have

(3.2) max e” 2 x* 2114 [0(x) |

_ [n“’2'1’4, o< x < @-nn;
n2mU2 s

4. Proof of the theorem. Let S, denote the nth partial sum of the series (1.1)
at the point x = 0, then

0

-1 n
Gy, S, = {'_(a + 1)} jo yfO) T LGy,

-fr@n) [ o,

Thus, by the definition
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@.2) (logn)™* % {S,_, — 4}
k=0

-1

= togn) ™ 2 s [VEF D] [T - A1 0y

® 1
= (togm)™ [ "90) T 1 180 0y

@ =toe [T [T [T [T o T prgson
(4.4) ~ A+B+C+D,

say. Now by the help of Lemma 1, we have

4.5) A = (logn)™* 2 m ”|¢(y)|0(n—k)““dy

cin
(logn)~10(n** Hogn) [ | 60| dy

(4.6) = o(1),
by the hypothesis (2.1).

Again, using Lemma 1, we get

_ O(n=lketz-is o w _
4.7) B (logn)™* X ( k)_|_ : [ |¢(J’)ly @21t gy
k=0 Jem

-1 < _ [)2FS4 e o
- Goen ! 2 0y [ 10D

= (logn)~.0m***3/*).0(n" logn).

[

c/n

+ @(y)y'“’2‘5’4dy],
c/n
ntegrating by parts.
w
— 0(1) + o(na/2+1/4) f ya/2—3/4dy.
cin

by the hypothesis (2.1).
(4.8) = o(1).

Now, using Lemma 2, we get
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[ "1 2 1e et 12
@9 € = ogn [ o] T ety ey,

O(n _ k)a/Z +5/4

_ -1 " w2, ~(2y-3e y _O(m—ky"" """
= (logn) f e¥l2y =2 l¢(y)lk§0(n—k)(k+1) dy

w

n 1 n
_ ~1 ol a2+5/a V12, ~a2—3/4
(logn) O[n ki(—————n “HETD Le y l6(») |dy

= (logn)~1om*****)0(n" ! logn) o(n~ ">~ 11*),
by the hypothesis (2.2).
(4.10) = o(1).

Finally, by the second condition of Lemma 2, we find

0 n
(4.11) D = (logn)—lf |¢(y)| Z k:-l*-l(n_k)(a+1)/2—-1/12y—(1+1)/2—1/4ey/2dy
n k=0

n © y/2,-1/3],
_ (Iogn)—IO(n“/“s/lz) > 1 f ey |¢(J’)| dy
k=0 k+1 J, pul2+5i12

fred
= (]ogn)—lo(na/?.-i-5/1210gn)n—a/2—5/12] ey/2y—1/3l¢(y)|dye
(4.12) = o(1),

by the hypothesis (2.3).

This demonstrates the theorem.

I am highly indebted to Dr. G. S. Pandey for his kind advice during the pre
paration of this paper.
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